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1. INTRODUCTION AND LEMMAS
w xSince Hunt and Yorke 3 published a conjecture about the oscillation of
solutions of delay functional differential equations in 1984, many people
have thought about whether the conjecture is true for neutral functional
w xdifferential equations. In 1991, Chen and Huang 1 announced a further
conjecture about this problem.
w xChen and Huang 1 considered the neutral functional differential
equation:
d
x t y p t x t y r q q t x t y T t s 0, ) .  .  .  .  .  . .
dt
 .  .  .  q q. q w .  .  .where p t , T t , q t g C R , R , R s 0, ` , 0 F p t F 1, T t G s )
 .0, and t y T t ª q` as t ª q`, and conjectured that if
p t y T t q t 1 .  . .
lr lT  t .inf e q q t e ) 1 . 5q t y r ltGt , l)0  .0
 .hold, then ) is oscillatory.
In this paper, we apply the idea of Hunt and Yorke to more general
neutral functional differential equations. The result is that the answer to
w x Chen and Huang's conjecture in 1 is a special case of our conclusion see
 ..Theorem 3 i .
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Consider the following equation:
n md
x t y p t x t y t t q q t x t y s t s 0, 1 .  .  .  .  .  . .  . i i j jdt is1 js1
 .  .  .  .where p t , q t , t t , s t are all nonnegative, continuous and limi j i j t ªq`
  ..   .. n  .t y t t s q`, lim t y s t s q`, and  p t F 1, t G t )i t ªq` j is1 i 0
0, and there are no more repetitions.
 .  .  .A solution x t of 1 is called oscillatory if x t has arbitrarily large
zero points; otherwise, it is called nonoscillatory. If every nontrivial solu-
tion is an oscillatory solution, we call the equation oscillatory; otherwise,
we call it nonoscillatory.
 .LEMMA 1. Assume 1 satisfies the following:
 .  4  .i there exist K ) 0, j g 1, 2, . . . , m , such that q t G K, as t G t ,0 j 00
and
 .  .ii x t is an e¨entually positi¨ e solution.
Let
n
z t s x t y p t x t y t t . 2 .  .  .  .  . . i i
is1
X .  .Then z t is e¨entually negati¨ e, z t is e¨entually positi¨ e, and
lim z t s 0. .
tªq`
 .  .Proof. Since x t is an eventually positive solution of 1 , we have
m
Xz t s y q t x t y s t . 3 .  .  .  . . j j
js1
 . X .By condition i , z t must be eventually negative. So there is a T0
X .  .sufficiently large, such that, as t G T , z t - 0. Hence lim z t s A,0 t ªq`
where A is y` or a finite number.
 .If A s y`, then there is a T G T , such that z t - 0, as t G T . From1 0 1
 .2 we have
lim sup x t s q`. 4 .  .
tªq`
  ..Because lim t y t t s q`, there exists a sufficiently large t , sucht ªq` i 1
 .  .   . 4that t y t t ) T , where t t s max t t , i s 1, 2, . . . , n , and when1 1 1 i
w x  .  .s g T , t , x s F x t , especially1 1 1
max x t y t t ; i s 1, 2, . . . , n F x t . 5 4 .  .  . .1 i 1 1
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 .But, z t - 0, or1
n
x t - p t x t y t t .  .  . .1 i 1 1 i 1
is1
F max x t y t t ; i s 1, 2, . . . , n . 6 4 .  . .1 i 1
 .  .Obviously, 5 and 6 are contradictory. Thus A / y`.
If A is a finite number, then
q`
XA y z T s z t dt .  .H0
T0
mq`
s y q t x t y s t dt .  . .H j j
T0 js1
q`
F y q t x t y s t dt .  . .H j j0 0
T0
q`
F y Kx t y s t dt . .H j0
T0
q`




K z t dt F K z t y s t dt .  . .H H j0
T T0 0
F z T y A - q`. 7 .  .0
Hence A is not a positive number.
Suppose that A is a negative number. Then, if t ) T sufficiently0
.large , we have
n A
x t y p t x t y t t - - 0; .  .  . . i i 2is1
that is,
nA
x t - q p t x t y t t .  .  . . i i2 is1
A
F q max x t y t t ; i s 1, 2, . . . , n . 8 4 .  . .i2
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 .  .By 8 , lim x t / 0. As the proof of A s y`, we know thatt ªq`
 .  .lim sup x t / q`. Therefore lim sup x t s B ) 0, and theret ªq` t ªq`
 .  .exists t ) T sufficiently large , such that t y t t ) T , and if s g1 0 1 1 0
w xT , t ,0 1
A
x s F x t y , .  .1 2
especially
A
max x t y t t ; i s 1, 2, . . . , n F x t y 4 .  . .1 i 1 1 2
or
A
q max x t y t t ; i s 1, 2, . . . , n F x t . 9 4 .  .  . .1 i 1 12
 .  .Obviously, 8 and 9 are contradictory. Hence A s 0. By the strict
 .  .monotone decreasing of z t , we know that z t is eventually positive.
 .  .LEMMA 2. Suppose that a t and r t are continuous and nonnegati¨ e
w .functions on T , q` , satisfying




lim inf a u du G c ) 0. .H
tªq`  .tyr t
 .If , under the conditions, a t is a continuous nonnegati¨ e function on
w X .  X   .4.T , q` T s inf t y r t such thatt G T
t
a t G a t exp a u du , T F t - `, .  .  .H / .tyr t
then
t
b s lim inf a u du - q`. .H
tªq`  .tyr t
w xProof. See 2 , Lemma 2.1.
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2. THEOREMS
 .  4THEOREM 1. If 1 satisfies that there is some j g 1, 2, . . . , m , such0
 .  .  .   ..that s t G s ) 0, q t G K ) 0, as t G t , and p t F p t y s t ,j 0 j 0 i i j0 0
 .  .  .  .  . q t G q t y t , t t ' t ) 0, s t y t s s t , i s 1, 2, . . . , n, j sj j i i i j i j
.  .  .1, 2, . . . , m , t G T sufficiently large , then 1 is oscillatory if it satisfies one0
of the following conditions:
i .
n m1
lim inf inf p t exp mt q q t exp ms t ) 1; .  .  .  . . i i j j 5mtªq` m)0 is1 js1
 .  4ii suppose that I and J are nonempty subsets of 1, 2, . . . , n and
 4  4  .   .1, 2, . . . , m separately, t s min t ; i g I , j t s min t , s t ; i g I, j gi i j
4J , and
1t




lim inf p s q s y t q q s ds ) . .  .  .  H i j i j / etªq`  .tyj t igI jgJ jgJ
 .  . Proof. Suppose that 1 has an eventually positive solution x t we
 .may have a similar discussion on 1 having an eventually negative solu-
.  .tion that is for t G T sufficiently large, x t ) 0.0
 4Define a sequence T as follows:K
T s 1 q sup t ; min t y t , t y s t ; .k i j
i s 1, 2, . . . , n , j s 1, 2, . . . , m F T .4 4ky1
Obviously, T ) T , k s 1, 2, . . . , and lim T s q`.k ky1 k ª` k
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 .  . n  .  .  .  .Let z t s x t y  p t x t y t . By 1 and the conditions of p tis1 i i i
 .and q t , we havej
m
q t z t y s t .  . . j j
js1
m n
s q t x t y s t y p t y s t x t y s t y t .  .  .  . .  .  . j j i j j i
js1 is1
n m
Xs yz t y p t y s t q t x t y s t y t .  .  .  . .  .  i j j j i
is1 js1
n m
XF yz t y p t q t y t x t y t y s t .  .  .  . .  i j i i j
is1 js1
n




X Xz t F p t z t y t y q t z t y s t . 10 .  .  .  .  .  . . i i j j
is1 js1
 .Let see Lemma 1
l t s yzX t rz t ) 0, t G T . 11 .  .  .  .0
 .  .  .Get z t from 11 and put it into 10 . Then
n
t
l t G p t l t y t exp l s ds .  .  .  . Hi i  /tyt iis1
m
t
q q t exp l s ds ' U t . 12 .  .  .  . Hj  / .tys tjjs1
 .  . m  .By 12 , we have l t G  q t andjs1 j
n m
t
l t G p t q t y t exp l s ds .  .  .  .  Hi j i  / / tyt iis1 js1
m
t
q q t exp l s ds ' V t . 13 .  .  .  . Hj  / .tys tjjs1
 .  .I If condition i is satisfied, we have
n m1
inf p t exp mt q q t exp ms t ) 1. 14 .  .  .  .  . . i i j j 5mtGT , m)00 is1 js1
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Let
l s inf U t , .1
tGT1
n
l s inf p t l exp l t .  .kq1 i k k itGTkq1 is1
m
q q t exp l s t , k s 1, 2, . . . . .  . . j k j 5
js1
 .By means of 12 and the inductive method, it is easy to prove that
l t G l , t G T , k s 1, 2, . . . . 15 .  .k k
 .  .By 12 , we get l G inf q t G K ) 0; and also by the definition of1 t G T j1 0
 .  .l and 14 where m s l , we havekq1 k
n ml 1kq1 s inf p t exp l t q q t exp l s t ) 1. .  .  .  . . i k i j k j 5l ltGTkq1k kis1 js1
Therefore, ' a ) 1, such that l G al , k s 1, 2, . . . , we havekq1 k
lim l s q`.k
kªq`
 .  .And by 15 and the condition s t G s ) 0, we getj 00
t
lim l s ds s q`. 16 .  .H
tªq`  .tys tj0
 .On the other hand, by 12 ,
t
l t G q t exp l s ds .  .  .Hj0  / .tys tj0
and
t
lim inf q s ds G Ks ) 0. .H j 00tªq`  .tys tj0
By Lemma 2, we have
t
lim inf l s ds - q`. 17 .  .H
tªq`  .tys tj0
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 .  .  .Obviously, 16 and 17 are contradictory. Hence, when condition i is
 .satisfied, 1 is oscillatory.
 .  .  .II Suppose condition ii is satisfied. By 13 , we have
t
l t G p t q t y t exp l s ds . 18 .  .  .  .  .  Hi j i /  /tytigI jgJ
 .  .By 18 , condition ii , and Lemma 2, we have
t
l s lim inf l s ds - q`, l G 0. .H0 0
tªq` tyt
 .Integrating 18 and taking the inferior limit, we obtain
t
l G exp l lim inf p s q s y t ds . .  .  . H0 0 i j i / 5tªq` tyt igI jgJ
Since xre x F 1re, x G 0, we have
1t
lim inf p s q s y t ds F , .  . H i j i / etªq` tyt igI jgJ
 .which contradicts condition ii .
 .  .  .III Suppose that condition iii is satisfied. By 13 ,
t
l t G p t q t y t q q t exp l s ds . 19 .  .  .  .  .  .   Hi j i j 5  / .tyj tigI jgJ jgJ
 .Similar to the proof of ii , we are sure that the desired conclusion is
correct.
 .   ..  .Remark. In Theorem 1, the conditions p t F p t y s t and q ti i j j
 .  .  .G q t y t are practical. For example, p t and q t may be all con-j i i j
 .  .stants; or p t may be monotone decreasing and q t monotone increas-i j
 .  .  .  .ing; or s t s t s t a constant , p t and q t are periodic functionsj i i j
with period t , etc.
 .  4THEOREM 2. If 1 satisfies that there is some j g 1, 2, . . . , m such that0
 .  .  .s t G s ) 0, q t G K ) 0, t G t ) 0, then 1 is oscillatory if it satis-j 0 j 00 0
fies the following condition:
1t
lim inf q s ds ) , 20 .  .H j etªq`  .tys t jgJ
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 .   . 4  4where s t s min s t ; j g J , J is some nonempty subset of 1, 2, . . . , m ,j
and j g J.0
 .  .Proof. Suppose that 1 has an eventually positive solution x t . Then,
 .  .  . n  . for t G T sufficiently large, x t ) 0. Let z t s x t y  p t x t y0 is1 i
 ..t t . Theni
m
Xz t s y q t x t y s t .  .  . . j j
js1
m
s y q t z t y s t .  . . j j
js1
n
q p t y s t x t y s t y t t y s t .  .  . .  .  .i j j i j
is1
G y q t z t y s t . 21 .  .  . . j j
jgJ
 . X .  .Let l t s yz t rz t , t G T . Then0
t
z t s z T exp l s ds , t G T . .  .  .H0 0 /T0
 .By 21 , we have
t
l t G q t exp l s ds 22 .  .  .  . Hj  / .tys tjjgJ
t
G q t exp l s ds , 23 .  .  .Hj0  / .tys t
so, by virtue of Lemma 2,
t
0 - l s lim inf l s ds - q`. .H0
tªq`  .tys t
 .Integrating 22 and taking the inferior limit, we obtain
t
l G exp l lim inf q s ds .  .H0 0 j /tªq`  .tys t jgJ
or
l 1t 0
lim inf q s ds F F , .H j exp l etªq`  . .tys t 0jgJ
 .which contradicts 20 .
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 .  .Remark. In 1 , especially as n s 1, m s 1, condition 20 has the
following form:
1t
lim inf q s ds ) . 24 .  .H 1 etªq`  .tys t1
 .In the following we specifically discuss 1 for n s 1, m s 1.
 .  .THEOREM 3. Suppose that n s 1, m s 1, t t ' t ) 0, s t G s )1 0 1 0
 .  .  .  .0, s t y t s s t , q t G K ) 0, as t G t ) 0. Then 1 is oscillatory if1 0 1 1 0
it satisfies one of the following conditions:
p t y s t q t .  . .1 1 1
i lim inf inf exp mt .  .0 q t y ttªq` m)0  .1 0
1
q q t exp ms t ) 1; .  . .1 1 5m
1
ii lim inf inf 1 q p t y t y s t y t .  . . .1 0 1 0 mtªq` m)0
=p t y s t q t exp mt .  .  . .1 1 1 0
qq t exp ms t ) 1. .  . .1 1 5
 .  .Proof. Assume that 1 has an eventually positive solution x t . Similar
to the proof of Theorem 1, we can deduce that
q t .1X Xz t s p t y s t z t y t y q t z t y s t . 25 .  .  .  .  .  . .  .1 1 0 1 1q t y t .1 0
 . X .  .  .  .Let l t s yz t rz t ) 0, t G T , by which we get z t . Putting z t0
 .into 25 , we have, by Lemma 1,
q t . t1
l t s p t y s t l t y t exp l s ds .  .  .  . . H1 1 0  /q t y t . tyt1 0 0
t
qq t exp l s ds ' U t . 26 .  .  .  .H1 1 / .tys t1
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 .  .  .  .  .By 26 , we have l t G q t , so l t y t G q t y t , and1 0 1 0
t
l t G p t y s t q t exp l s ds .  .  .  . . H1 1 1  /tyt 0
t
q q t exp l s ds , 27 .  .  .H1  / .tys t1
 .   ..  .  .which guarantees that l t G p t y s t q t q q t . Putting it into1 1 1 1
 .26 , we obtain
t
l t G p t y s t q t 1qp t y t y s t y t exp l s ds .  .  .  .  . .  . H1 1 1 1 0 1 0  /tyt 0
t
qq t exp l s ds ' V t . 28 .  .  .  .H1 1 / .tys t1
 .  .  4I If condition i of Theorem 3 is satisfied, as we defined l bykq1
 .  4  .12 , we can define l with 26 . Letkq1
l s inf U t , .1 1
tGT1
q t .1
l s inf p t y s t l . .kq1 1 1 k q t y ttGT  .kq1 1 0
=exp l t q q t exp l s t . .  .  . .k 0 1 k 1 5
 .Similar to the proof of Theorem 1 satisfying condition i , we can prove
t
lim inf l s ds s q`. .H
tªq`  .tys t1
 .On the other hand, by 26 , we have
t
lim inf l s ds - q`. .H
tªq`  .tys t1
 .This is a contradiction. Hence, when i is satisfied, Theorem 3 is true.
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 .  .  4II If condition ii of Theorem 3 is satisfied, we can define lkq1
 .by 28 . Let
l s inf V t , .1 1
tGT1
l s inf p t y s t q t .  .  .kq1 1 1 1
tGTkq1
= 1 q p t y t y s t y t exp l t .  . .1 0 1 0 k 0
qq t exp l s t . .  . 4 .1 k 1
 .The preceding proof is similar to that of Theorem 1 satisfying condition i .
Hence Theorem 3 is true.
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